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Abstract
A brief discussion is made about the relevance of surface terms in
the Lagrangian and Hamiltonian formulations of theories of gravity.
These surface terms play an important role in the variation of the
action integral. Then we point out inconsistencies of a recently pro-
posed formulation of teleparallel theories of gravity with local Lorentz
symmetry.
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1 Introduction
The search for alternative descriptions of Einstein’s general relativity was
initiated right after the advent of general relativity, with the proposal of the
Kaluza-Klein theory. Teleparallel theories were considered by Einstein in
1928 as a possible geometrical set up for unification of the electromagnetic
and gravitational fields. Nowadays, extended or alternative formulations of
general relativity are investigated with the purpose of resolving cosmological
problems, or establishing a possible quantum theory of gravity, or even to
address unsolved issues of the standard formulation of general relativity. The
teleparallel equivalent of general relativity is one such formulation which,
among other features, allows the definitions of new geometrical quantities,
constructed out of the torsion tensor, and provides a framework for defining
energy, momentum and angular momentum of the gravitational field. In
this article we address the issue of covariance of the teleparallel equivalent
of general relativity (TEGR) under Lorentz transformations. In order to
analyse this issue, we review in section 3 the importance of surface terms in
the action integral of gravitational theories. The discussion in section 3 will
clarify the analysis of the problems regarding a surface term that appears in
a recently proposed teleparallel theory with local Lorentz invariance.
2 The TEGR
The TEGR is a geometrical formulation of the relativistic theory of gravity
in terms of tetrad fields. The theory is defined by the field equations, which
are equivalent to the Einstein’s field equations of the metric formulation of
general relativity. The set of tetrad fields is interpreted as a frame adapted
to observers in space-time, and allows the projection of vector or tensors
on the frame of an observer. The projection of a vector field V µ(xα) on a
certain frame, in the tangent space at the position xα, is given by V a(xα) =
ea µ(x
α) V µ(xα). This is one of the main geometrical properties of the set of
tetrad fields.
The equivalence of the TEGR with the metric formulation of general
relativity is based on a geometrical identity between the scalar curvature
R(e), constructed out of the tetrad fields, and an invariant combination of
quadratic terms in the torsion tensor, given by
1
eR(e) ≡ −e
(
1
4
T abcTabc +
1
2
T abcTbac − T aTa
)
+ 2∂µ(eT
µ) , (1)
where Ta = T
b
ba, Tabc = eb
µec
νTaµν and Taµν = ∂µeaν − ∂νeaµ. The latter
is the torsion tensor, which is the anti-symmetric part of the Weitzenbo¨ck
connection Γλµν = e
aλ∂µeaν , i.e., Taµν = eaλT
λ
µν = eaλ(Γ
λ
µν − Γλνµ).
(Notation: space-time indices µ, ν, ... and SO(3,1) (Lorentz) indices a, b, ...
run from 0 to 3. The flat space-time metric tensor raises and lowers tetrad
indices, and is fixed by ηab = eaµebνg
µν = (−1,+1,+1,+1). The frame
components are given by the inverse tetrads {ea µ}. The determinant of the
tetrad fields is written as e = det(ea µ).)
The identity (1) allows the definition of the Lagrangian density for the
gravitational field in the TEGR, which reads (see Ref. [1] for a review)
L(e) = −k e
(
1
4
T abcTabc +
1
2
T abcTbac − T aTa
)
− 1
c
LM
≡ −keΣabcTabc − 1
c
LM , (2)
where k = c3/(16piG), LM represents the Lagrangian density for the matter
fields, and Σabc is defined by
Σabc =
1
4
(
T abc + T bac − T cab
)
+
1
2
(
ηacT b − ηabT c
)
. (3)
Thus, the Lagrangian density is geometrically equivalent to the scalar cur-
vature density. The variation of L(e) with respect to eaµ yields the fields
equations
eaλebµ∂ν(eΣ
bλν)− e(Σbν aTbνµ − 1
4
eaµTbcdΣ
bcd) =
1
4kc
eTaµ , (4)
where Taµ is defined by δLM/δe
aµ = eTaµ. As expected, the field equations
are equivalent to Einstein’s equations. It is possible to verify by explicit
calculations that the equations above can be rewritten as
1
2
[Raµ(e)− 1
2
eaµR(e)] =
1
4kc
Taµ , (5)
2
The field equations (4) are covariant under local Lorentz transformations
(LLT). Obviously, this property can be verified more easily from Eq. (5).
The meaning of this symmetry is that the theory can be formulated in any
reference frame, i.e., there are no privileged frames on which one can con-
struct the theory. In Eq. (4), one does not need a connection to ensure the
covariance of the equations under LLT, although in Eq. (5) there appears
the Levi-Civita connection 0ωµab(e). The meaning and significance of LLT
in a theory is precisely this: the theory can be formulated in any frame.
Therefore, the theory is valid for all observers in space-time. Finally, the
inertial frames may be characterised by the acceleration tensor, that yields
the inertial accelerations (accelerations that are not due to the gravitational
field) that act on a given frame in space-time.
3 Surface terms in the action for the gravita-
tional field
In this section we recall some very interesting issues discussed by Faddeev
[2], with respect to the action integral of the gravitational field in the context
of Einstein’s formulation of general relativity. In the consideration of Hamil-
ton’s variational principle that leads to Einstein’s equations, one normally
starts with the density
√−gR(g), where R(g) is the scalar curvature con-
structed out of the metric tensor gµν . In similarity to Faddeev’s article, we
will restrict the considerations to asymptotically flat space-times. In the limit
r → ∞, and for finite x0 = t (we will now adopt c = 1), the asymptotically
flat limit is characterised by
gµν = ηµν +O(1/r) , ∂λgµν = O(1/r
2) , 0Γλµν = O(1/r
2) , (6)
where r2 = (x1)2 + (x2)2 + (x3)2, ηµν = (−1,+1,+1,+1), and 0Γλµν are the
Christoffel symbols. The energy-momentum tensor Tµν for the matter fields
must be of the order Tµν = O(1/r
4). This condition ensures that the matter
fields are effectively localized in a compact region of the space.
For large values of the radial coordinate r, the asymptotic form of the
coordinate transformations is taken to be
x′
µ
= ηµ(x) , (7)
where
3
ηµ(x) = Λµ ν x
ν + aµ +O(1/r) ,
∂νη
µ = Λµ ν +O(1/r
2) . (8)
The quantities Λµ ν are matrices of the Lorentz transformations, and a
µ is
an arbitrary constant vector. Faddeev assumes that these transformations
act on the metric tensor and on the connection referred to a fixed coordinate
system. The resulting infinitesimal transformations are given by
δgµν = −∂µελ gλν − ∂νελgλµ − ελ∂λgµν ,
δ ( 0Γλµν) = −∂µεσ(0Γλσν)− ∂νεσ(0Γλσµ) + ∂σελ(0Γσµν)
−εσ∂σ(0Γλµν)− ∂µ∂νελ , (9)
where ελ is an infinitesimal vector field that in the limit r → ∞ has the
asymptotic form given by Eq. (8).
Faddeev considered the action integral constructed out of the Lagrangian
density
L =
√−gR(g)− ∂µ(
√−ggνσ 0Γµνσ −
√−ggµν 0Γσνσ) , (10)
which differs from
√−gR(g) by a total divergence, and argued that it is the
action constructed out of L,
S =
∫
L d3x dt , (11)
and not the one constructed out of
√−gR(g), that is invariant under the
infinite dimensional group G generated by the transformations (9). In view
of the asymptotic behaviour given by (6), one can verify that in the limit
r →∞ we have
√−gR(g) = O(1/r3) , L = O(1/r4) . (12)
There is an additional essential feature of the action integral (11). In the
process of varying the action in order to obtain the field equations, all surface
terms that arise in the variation of (11), via integration by parts, vanish in
the limit r → ∞, whereas in the variation of the action constructed out
of
√−gR(g), several of these terms do not vanish in the same asymptotic
4
limit. Thus, the variation of the action constructed out of
√−gR(g) only is
not well defined. Moreover, if one establishes the Hamiltonian formulation
starting from (11), the standard ADM Hamiltonian is obtained together with
the correct surface terms that define the total ADM energy-momentum, i.e.,
one does not need to add any surface term by hand.
Similar considerations were made earlier in 1974 in the famous Lecture
Notes by Hanson, Regge and Teitelboim [3] on constrained Hamiltonian sys-
tems. These authors attempted to write the field equations of general rel-
ativity in Hamiltonian form, i.e., the standard Hamilton’s equations in the
phase space of the theory. Besides the constraint equations, there are the
evolution equations for the spatial metric gij , and for the canonically con-
jugated momenta Πij, generated by the total Hamiltonian. Hanson, Regge
and Teitelboim noted that one needs to add suitable surface terms to the
total Hamiltonian, so that the variation of the total Hamiltonian is well
defined.1 These surface terms are precisely the terms that yield the to-
tal energy-momentum and angular momentum at spatial infinity. Without
these surface terms, the variation of the total Hamiltonian is not well de-
fined, because of the non-vanishing of several terms that arise via integration
by parts. The improved Hamiltonian, including the surface terms, has well
defined functional derivatives.
In the context of tetrad fields ea µ and of the spin connection ωµab, one also
needs to add surface terms to the action integral in order to have well behaved
functional derivatives [5]. The Lagrangian density is normally considered to
be eR(e, ω). This framework is mandatory in the case of Einstein-Cartan type
theories, or when one needs to couple Dirac spinor fields to the gravitational
field. Again, the variation of the action integral must be well defined, so
that all surface terms that arise via integration by parts vanish at spacelike
infinity. As above, we consider the space-time to be asymptotically flat, and
assume the asymptotic behaviour
eaµ ≃ ηaµ +O(1/r) , ωµab = O(1/r2) , (13)
in the limit r →∞. The Lagrangian density that is well defined with respect
to functional derivatives is
L(e, ω) = eR(e, ω)− ∂µ(e eaµebνωνab − eeaνebµωνab)
1See pages 111-113 of Ref. [3],
5
= −∂µ(e eaµebν)ωνab + ∂ν(e eaµebν)ωµab
+(e eaµebν)(ωµacων
c
b − ωνacωµ c b) . (14)
In the variation of eR(e, ω) alone, one finds, via integration by parts, the
term
∫
dt d3x ∂ν(e e
aµebνδωµab) 6= 0 , (15)
which does not vanish in general when integrated over a spatial surface at
spacelike infinity. For a vector field V α whose asymptotic behaviour in the
limit r →∞ is V α = O(1/r2), we have
∫
d4x∂α(
√−gV α) =
∮
S→∞
dSα(
√−gV α)
≃
∮
r=→∞
dt r2dΩ [O(1/r2)] 6= 0 , (16)
where dΩ = sin θdθdφ and, S is a surface of constant radius. The action
integral constructed out of the Lagrangian density (14) is not affected by
this problem. In the analysis above, it makes no difference whether we use
an arbitrary spin connection in the Palatini variational principle, which is
eventually determined by the field equations, or the Levi-Civita connection
0ωµab(e).
The field equations derived from the Lagrangian (14) are precisely Eqs.
(5). Therefore, the theory determined by (14) is covariant under local Lorentz
transformations.
If the action integral is defined on a manifold with boundary, one may
use the ordinary Hilbert-Einstein action for the gravitational field, plus the
Gibbons-Hawking surface term [4], determined by the integration of the trace
of the extrinsic curvature over the boundary.
We note finally that the action integral constructed out of the Lagrangian
density (2) is not affected by the emergence of non-vanishing surface terms,
in the variation of the action. In the analysis carried out in Ref. [6], special
attention was paid to the need of surface terms in the action. The total
divergence in Eq. (1) cancels the total divergence in Eq. (14).
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4 Teleparallel gravity with local Lorentz sym-
metry
A recent article [7] summarizes a formulation of the TEGR that attempts to
exhibit local Lorentz symmetry. The local Lorentz symmetry is achieved by
introducing a flat space-time connection Ωa bµ, that corresponds to Eq. (16)
of Ref. [7], and which is given by
Ωa bµ = Λ
a
c(x)∂µΛb
c(x) , (17)
where Λa b(x) are matrices of the local Lorentz group, and therefore these
quantities are space-time dependent functions. The torsion tensor, that in
Section 2 was written as Taµν = ∂µeaν − ∂νeaµ, is now considered to be
Taµν = ∂µeaν − ∂νeaµ + Ωacµec ν − Ωacνec µ . (18)
Although the connection (17) is not linked to any field quantity that has a
clear transformation property, it is assumed to transform as a standard spin
connection, so that Eq. (18) eventually transforms as a tensor under local
Lorentz transformations (LLT). Except for satisfying Λa cΛ
b
dηab = ηcd, the
matrices Λa b are arbitrary. The authors of Ref. [7] argue that the Lagrangian
density (2), constructed in terms of (18), is invariant under LLT. We refer to
Ref. [7] for additional details.
The flat spin connection is irrelevant to the dynamics of the tetrad field,
which is the quantity that yields physical results. This fact was already noted
in Ref. [6] (see Eq. (9) of Ref. [6].)
The counting of degrees of freedom of the flat spin connection Ωa bµ is ab-
solutely not clear in Ref. [7]. This issue is important, because when a certain
gauge is fixed, the number of degrees of freedom of the connection should be
decreased. The vector potential Aµ in electrodynamics, for instance, has ini-
tially 4 degrees of freedom at each space-time event. After fixing all gauges,
the number of degrees of freedom is reduced to 2 at each space-time event.
A similar situation does not occur in the context of Ref. [7].
The presentation of Ref. [7] is subject to at least 3 major criticisms.
The first criticism is that a flat space-time connection is added to a non-flat
space-time torsion. This procedure is inconsistent. A consistent procedure
would be to add a flat spin connection of a non-flat space-time, to a non-flat
space-time torsion. This would be achieved by introducing in the Lagrangian
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density Lagrange multipliers λabµν , in order to ensure the vanishing of the
curvature tensor constructed out of the connection Ωa bµ, i.e., λ
abµν Rabµν(Ω).
Of course, further consequences would result from the introduction of the
Lagrange multipliers.
The second criticism is related to the variation of the action integral in
the context of Ref. [7]. According to the authors, the Lagrangian density
that they consider, L(ea µ,Ω
a
bµ), may be rewritten as
L(ea µ,Ω
a
bµ) = L(e
a
µ)− 1
8piG
∂µ(eΩ
µ) , (19)
where Ωµ = Ωa bνea
νebµ, and L(ea µ) is precisely Eq. (2). It is argued in
Ref. [7] that since Ωa bµ “enters the Lagrangian as a total derivative, the
variation with respect to the spin connection vanishes identically”. However,
the whole discussion in Section 3 was intended to show that such variation
is not trivial, in general. Since the variation of the flat connection alone is
given by δ(Ωa bµ) = ∂α(Ω
a
bµ)δx
α, the integral
∫
∂µ[eea
νebµδ(Ωa bν)] =
∮
S→∞
dSµ[eea
νebµδ(Ωa bν)] 6= 0 , (20)
does not vanish, in general. In fact, if the connection Ωa bµ is constructed
out of the Lorentz transformations given by the matrices in Eq. (116) of Ref.
[7], for instance, then δ(Ωa bµ) = O(1/r
0) everywhere in space-time. The
variation above would vanish only if δ(Ωa bµ) = O(1/r
3) in the asymptotic
limit r →∞. Otherwise, the variation of the surface term may diverge when
integrated in the limit r →∞.
Variations of surface terms do not vanish, in general. As an example, let
us consider the surface term that determines the total ADM mass, and which
depends on the parameter m that represents the total mass of a gravitational
system. By varying m, m→ m+ δm, for instance, the resulting variation of
the surface integral obviously does not vanish.
Gauge theories are normally understood as constrained Hamiltonian sys-
tems, as formulated by Dirac and summarised in Ref. [3]. The set of first
class constraints generate the gauge transformations. This feature is con-
nected to our third criticism. In Ref. [7] there are no fields that would define
first class constraints and that would yield a transformation law for Ωa bµ.
The gauge transformations in Ref. [7] are not generated by any kind of first
class constraints, they are “generated” by hand. Suppose one fixes a gauge
8
in the context of Ref. [7]. What would prevent the reappearance of the
connection after the gauge fixing?
In view of all considerations above, we are led to conclude that the for-
mulation of the TEGR endowed with LLT, as presented in Ref. [7], is incon-
sistent.
5 Conclusions
A theory is defined by the field equations, and by a set of assumptions and
interpretations of the field quantities. In this sense, the theory determined by
Eq. (2) is invariant under local Lorentz transformations, as well as the theory
determined by Eq. (14). One important theoretical requirement is that the
action integral of a theory must be well defined under functional variations.
One has to pay attention to surface terms that arise via integration by parts
when varying the action. Surface terms may carry important information
about the total energy, momentum and angular momentum of the theory.
The action integral of the TEGR with local Lorentz symmetry, presented
in Ref. [7], is not well defined under variations of the flat spin connection
Ωa bµ. The variation of the action with respect to this connection does not
lead to an identically vanishing result, as the authors argue. This issue is a
serious inconsistency that must be further addressed. Furthermore, the LLT
of Ref. [7] are not generated by first class constraints, as is usual in ordinary
gauge theories.
We note finally that the status of Lorentz transformations is being ques-
tioned in some approaches to the quantum theory of gravity [8, 9]. In these
analyses, the status of Lorentz symmetry is not viewed as a fundamental
principle of nature, and the symmetry is required to be broken. Several in-
vestigations make use of models based on the so called deformed or doubly
special relativity. Of course, these investigations apply to the microscopic
scale, but the role of Lorentz symmetry is becoming no longer unanimous
at least in some formulations of quantum gravity, which is expected to be a
limit of a classical theory.
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